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1 Introduction 

In a series of recent papers [H El El SI El E] , we have investigated some mathematical aspects 
of the so-called pseudo-bosons, originally introduced by Trifono\0 in [8]. They arise from the 
canonical commutation relation [a, a^] = II upon replacing by another (unbounded) opera- 
tor b not (in general) related to a: [a,b] = 1. We have shown that, under suitable assumptions, 
N = ba and iVt = a^b^ can be both diagonalized, and that their spectra coincide with the set of 
natural numbers (including 0), Nq. However the sets of related eigenvectors are not orthonormal 
(o.n.) bases but, nevertheless, they are automatically biorthonormal. In most of the examples 
considered so far, they are bases of the Hilbert space of the system, T-L, and, in some cases, they 
turn out to be Riesz bases. 

In [9] and [10] some physical examples arising from quantum mechanics have been discussed. 
In particular, these examples have suggested the introduction of a difference between what we 
have called regular pseudo-bosons and pseudo-bosons, to better focus on what we believe are the 
mathematical or on the physical aspects of these particles. Indeed all the examples of regular 
pseudo-bosons considered so far arise from Riesz bases [4] , with a rather mathematical construc- 
tion, while pseudo-bosons are those which one can find when starting with the Hamiltonian of 
some realistic quantum system. 

In this paper, after a short review of the general framework, we discuss a two-dimensional 
example arising from the Hamiltonian of the Landau levels. It should be stressed that this 
example is of a completely different kind than those considered in [10] , where a modified version 
of the Landau levels have been considered. 

We close the paper with a no-go result, suggesting that non-linear combinations of ordinary 
bosonic creation and annihilation operators, even if they produce pseudo-bosonic commutation 
rules, cannot satisfy the Assumptions of our construction, see Section [2j 

*This paper is a contribution to the Proceedings of the Workshop "Supersymmetric Quantum Me- 
clianics and Spectral Design" (July 18-30, 2010, Benasque, Spain). The full collection is available at 
prttp://www.emis.de/journals/SlGMA/SUSYQM2010.html 

^It should be mentioned that pseudo-bosons already appeared in [7] but with a different meaning. 
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2 The commutation rules 

In this section we will review a d-dimensional version of what originally proposed in (TJIB]. 

Let "H be a given Hilbert space with scalar product (•,•) and related norm || • ||. We intro- 
duce d pairs of operators, aj and bj, j = 1,2, ... ,d, acting on T-L and satisfying the following 
commutation rules 

[aj,bk] = 5j,fcl, (1) 

j,k = 1,2,. . . ,d. Of course, these collapse to the OCR's for d independent modes if bj = aj, 
j = 1,2, . . . ,d. It is well known that aj and bj are unbounded operators, so they cannot be 
defined on all of T-L. Following [T], and writing D°°{X) := r]p>oD{X'P) (the common domain of 
all the powers of the operator X), we consider the following: 

Assumption 1. There exists a non-zero ipo £ such that ajipo = 0, j = 1,2, ... ,d, and 

ifo G D°°{bi) n D°°(62) n • • • n D°°{bd). 

Assumption 2. There exists a non-zero £ 'H such that bj^o = 0, j = 1,2, ... ,d, and 

^0 G -D°°(4) n £'°°(4) n • • • n £>°°(4). 

Under these assumptions we can introduce the following vectors in T-L: 

Vni!n2! • • • n^! 
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:= 1'ni,n2,...,nd = -j=====a[ ^ • • • ^-Q, 

Uj = 0,1,2,... for all j = 1,2, ... ,d. Let us now define the unbounded operators Nj := bjaj 
and '^j := Nj = Ojbj, j = 1,2, ... ,d. Each ipn belongs to the domain of Nj, D{Nj), and 
G for all possible n. Moreover, 

Njipn = rijipn, OTj^n = rij'^n- 

Under the above assumptions, and if we chose the normalization of ^'o and ifo in such a way 
that {^o,ipo) = 1, we find that 

d 

This means that the sets -Fiji = {^n} and J-^ = {fn} are hiorthonormal and, because of this, 
the vectors of each set are linearly independent. If we now call 2?^ and Piji respectively the 
linear span of J-"^ and and T-L^p and Ti^ their closures, then 

/ = 5Z(^n,/)'^n, V/GT^^, /l = J^(v9n,/i)^n, ^ h ^ Ti^ . 

n n 

What is not in general ensured is that T-L^p = Ti^!, = Ti. Indeed, we can only state that Ti^ C Ti 
and Ti^i, C Ti. However, motivated by the examples discussed so far in the literature, we consider 

Assumption 3. The above Hilbert spaces all coincide: Tiip = Ti^ = Ti. 

This means, in particular, that both J-"^ and are bases of Ti. The resolution of the identity 
in the bra-ket formalism looks like 
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Let us now introduce the operators and S*^ via their action respectively on and T^p-. 

for all n, which also imply that = {S^ 5'(^)^n and c^n = {S^p S^)ipn, for all n. Hence 

In other words, both 5^ and Sip are invertible and one is the inverse of the other. Furthermore, 
we can also check that they are both positive, well defined and symmetric [T]. Moreover, it is 
possible to write these operators as 

n n 

These expressions are only formal, at this stage, since the series may not converge in the uniform 
topology and the operators S"^ and could be unbounded. Indeed we know [11], that two 
biorthonormal bases are related by a bounded operator, with bounded inverse, if and only if 
they are Riesz base^. This is why in [1] we have also considerered 

Assumption 4. J^p and T^^, are both Riesz bases. 

Therefore, as already stated, S^p and are bounded operators and their domains can be 
taken to be all of %. While Assumptions [H [2] and [3] are quite often satisfied, [12], it is quite 
difficult to find physical examples satisfying also Assumption [H On the other hand, it is rather 
easy to find mathematical examples satisfying all the assumptions, see [H [6]. This is why 
in [9] we have introduced a difference in the notation: we have called pseudo-bosons (PB) those 
satisfying the first three assumptions, while, if they also satisfy Assumption they are called 
regular pseudo-bosons (RPB). 

As already discussed in our previous papers, these d-dimensional pseudo-bosons give rise 
to interesting intertwining relations among non self-adjoint operators, see in particular [3] and 
references therein. For instance, it is easy to check that 

S-^Nj = OXj-S*^ and ^jSip = S^^lj, 

j = 1,2, . . . , d. This is related to the fact that the spectra of, say, A^i and coincide and that 
their eigenvectors are related by the operators Sp and S^, in agreement with the literature on 
intertwining operators |13t I14j. 

3 The example 

In this section we will consider an example arising from a quantum mechanical system, i.e. 
a single electron moving on a two-dimensional plane and subject to a uniform magnetic field 
along the z-direction. Taking h = m = ^ = 1, the Hamiltonian of the electron is given by the 
operator 




where we have used minimal coupling and the symmetric gauge A = ^(— y,x,0). The Hilbert 
space of the system is H = £^(M^). 

^Recall that a set of vectors (f)i, 4>2, (fi^, ■ ■ ■, is a Riesz basis of a Hilbert space T-L, if there exists a bounded 
operator V, with bounded inverse, on Ti, and an o.n. basis of "H, Lpi,ip2,fs,---, such that = Vipj, for all 
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The spectrum of this Hamiltonian is easily obtained by first introducing the new variables 
Qi=Px + y/2, Pi=Py- x/2. (3) 
In terms of Pi and Qi the single electron Hamiltonian, Hi, can be rewritten as 

The transformation ([3]) is part of a canonical map from the variables (x, y,Px,Py) to {Qi, Q2,Pi, 
P2), where 

Q2=Py + x/2, P2 = px - y/2, 

which can be used to construct a second Hamiltonian H2 = ^{Q^+P-i )- Since [x,pa;] = [y,Py\ = i, 
[x,py] = [y,Px] = [x,y] = [px,Py] = 0, we deduce that 

[QuPi] = [Q2, P2] = i, [Qi,P2] = [Q2, Pi] = [Qi,Q2] = [Pi,P2] = 0, 

so that [Hi, H2] = 0. The two Hamiltonians correspond to two opposite magnetic fields, respec- 
tively along +k and —k. Let us now introduce the operators 

Ak = (Qfc + iPk) , 

k = 1,2, together with their adjoints. Then [A^, Aj] = 6k,iTl, the other commutators being zero. 
In terms of these operators we can write Hk = A'^f,Ak + ^1, k = 1,2, whose eigenvectors are 
^>(f^ = -^(^t where k = 1,2, n = 0,1,2, .. . and ^f,''^ is the vacuum of A^: = 0. 

/ (k) (k)\ (k) I 1 \ f/c) 

Furthermore we have = 5n,m and Ffc^^' = \n^^) ^'n \ for k = l,2. It is natural 

to introduce the sets Tk '■= \ n > O}, k = 1,2, and the closures of their linear span, Tii 
and H.2- Hence, by construction, is an o.n. basis of Tik- Moreover, we can also introduce an 

0. n. basis of H. as the set J^j, whose vectors are defined as follows: 

:= -^(Air(4r^o,o, 

\Jn\m\ 

where <I>o,o := ^''q' ® ^0^^ is such that ^i^>o,o = ^2^0,0 = 0. It is clear that ^n,m = <8) 
and that H. = Tii (8) ^2- 

3.1 Pseudo-bosons in Hi 

Let us now define the following operators: ^i(a) = Ai and Bi{a) = A\ + 2aAi, where a is 
a fixed complex number. It is clear that, for a / 0, Ai{a)'^ / Bi{a). Moreover, [^1(0;), i?i(a)] = 

1, Va. Hence, we recover ([1]) for d = 1 in T-li. We want to show that ^1(0:) and Bi(a) generate 
PB in Til which are not regular. 

To begin with, we define rfV) := ^o^- This non zero vector of "Hi satisfies Assumption [1} 
Ai{a)ip'^\a) = 0, clearly, and ip'^\a) € D°^{Bi{a)). This follows from the fact that, since 
Bi[a) = A\ -\- 2aAi, Bi{a)^ip^\a) is a finite linear combination of the vectors ^q^'',^^^'', . . ., 

\ which is clearly a vector of T-Li. 

Before considering Assumption [21 it is convenient to observe that, introducing the following 
invertible and densely defined operator Ui{a) := e"^i, we can write 

Ai{a) = Ui{a)AiUi{ay^, Bi{a) = Ui{a)A{Ui{ay^ , 
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^W(a) := 4^i?i(a)>«(a) = U,{a)^(^\ (4) 

for all n > 0. Of course, ipn\a) is well defined for all n > since, as we have seen, Bi{a)'^ip^Q\a) 
is well defined for all complex a. Now, if we define (at least formally, at this stage) 

^^^\a) := {U,{ayy'<^^^\ (5) 

it is possible to show that, if |q;| < |: (i) "^l^\a) is well defined in T^i, and is different from 

zero; (ii) Si(a)'^^'[|^^(a) = 0; (iii) ^'o^^(a) G D'^{aI). It is furthermore possible to check that, 
for the same values of a, 

^W(a) := -^{Ma)T^^^\a) = ([/i(a)t)-^$W. (6) 
Let us prove point (iii) above. We have, for all n > 0, 



k=0 

SO that 

°° I l2fc 

ll(4re--U(»lp = j;M_(2t + „). 

which converges inside the disk \a\ < |. In particular, if n = 0, this implies the statement in (i) 
above. The proof of (ii) is trivial and the last equality in Q can be deduced using dH) and ([5]) in 
the definition ^^n\a) := ^(^i(a)t)"^J^)(a). This, as we have seen, is well defined if |a| < 
while, for \a\ > ^ all the procedure makes no sense, since the vectors we are using do not belong 
to the Hilbert space. Now, biorthonormality of the two sets := {(pn\ct), n > 0} and 

J^^W '■= {'^n\ct), n > 0} follows directly from their definitions: 

(V9«(a),^«(a)) = ([/i(a)$«, {U^{a)^y'^g^) = = 

The proof of Assumption [3] goes as follows: 

First of all, as we have already stated, it is possible to check that for all n > we have 
^n\c() = + J2kZo "^fc^fc^^ some constants {dk, A; = 0, 1, . . . , n — 1}. 

Secondly, using induction on n and this simple remark we can prove that, if f £ Tii is such 
that (/, ip^f!'^ (a)) = for k = 0,1, . . . ,n, then (/, *I*[,^'*) = for k = 0,1, . . . ,n as well. Therefore, 

if / is orthogonal to all the (^[.^^(a)'s, it is also orthogonal to all the *I*[,^'''s, whose set is complete 
in Til. Hence / = 0, so that is also complete in Tii. 

As a consequence, being the vectors of J-'^(i) linearly independent and complete in Tii, they 
are a basis of Hi. In particular we find that, for all / G T-Li, the following expansion holds true: 
/ = Ek=oi^n\a), f)^i!\a). Then, for aU f,ge Ui, 

oo oo 

{gJ) = (^/, j;(^«(a),/)c^(^)(a)) = ( j;(^W(a),5)^«(a),/), 

fc=0 fc=0 

which, since / could be any vector in Hi, implies that g = Yl'k=o(^'^^ d)'^'^^ -^^W 
a basis of Tii as well, and Assumption [3] is satisfied. Finally, Assumption |4] is not satisfied since, 
for instance, the operator (Ui{a)^) is unbounded [TT] . 
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Remark 1. It might be worth stressing that, while it is quite easy to check that the set J-^{i) 
is complete in D(U{a)'^), it is not trivial at all to check that it is also complete in 1-Li. This is 
the reason why we have used the above procedure. 

It is not hard to deduce the expression of two non self-adjoint operators which admit ipn^ (a) 
and ^'^^(q:) as eigenstates. For that we define first hi{a) := Ui{a)HiUi{a)~^ = Bi{a)Ai{a) + 
^1, which, in coordinate representation, looks like 

h{a) = + a) (p. + I)' + - «) {Py - f )' + 2- + I) {Py " f ) + 

We can also introduce hi{a)\ which is clearly different from hi{a). Now, as expected from 
general facts in the theory of intertwining operators [13] , we see that 

/ii(a)^W(a) = (n + l/2)v9W(a), h,{a)^^(^\a) = (n + l/2)M/«(a), 

for all n > 0. 



3.2 Pseudo-bosons in 

In this subsection we will consider an analogous construction in 712, i.e. in the Hilbert space 
related to the uniform magnetic field along —k. To make the situation more interesting, and 
to avoid repeating essentially the same procedure considered above, instead of introducing an 
operator like e^'^'^ we consider 

C/2(/3) := e^^'l^ 
with /3 E C. Then we define 

:= C/2(/3)^2f/2(/3)-' =A2- 2/34, 
B2if3):=U2{(3)4U2{/3r' = Al (7) 

These are pseudo-bosonic operators in [A2{l3), B2{(3)] = 1, and A2{(3)^ / B2{(3), for /? 7^ 0. 

Then, once again, it may be interesting to consider Assumptions [iHll 

1 (2) 
If < 2 Assumption [T] is satisfied: let us define (formally, for the moment) (P) = 

C/2(/3)$?^ Then A2(/3)<^[,') = 0. Moreover, since [i?2(/3), C/2(/3)] = 0, i?2(/5)>[,'^(/3) = 

?72(/3)4"^?\ which impl ies in particular that 

:= -l^B2Wr^^^\p) = U2{P)^^^l 



(2) 

Of course we have now to check that (pn (/?) is a well defined vector of 1^2 for all n > 0. This 

(2) 

would make the above formal definition rigorous. The computation of ||C/2(/3)^'n || follows the 
same steps as that for ||i7i(a)^^ ^^n^ll of the previous section, and we get the same conclusion: 
the power series obtained for ||C/2(/3)$i^^ p converges if |/3| < ^, so that G D{U2{(3)) for all 
n > 0, inside this disk. 

As for Assumption [21 this is also satisfied: to prove this it is enough to take = 
Then 52(/?)"^^fV) = ^2^0^^ = 0. Also, since U2{P)^^'i^ = formula © implies that 

(4 (/?))" ^'q'^^ (/3) = ^2^n\ which is clearly a vector in ^2 since it is a finite linear 

(2) (2) (2) 
combination of <I>q , <I*\ , . . . ■ This means that the vectors 
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are well defined in I-L2 for all n, independently of /3. Once again we deduce that the vectors 
constructed here are biorthonormal, 

and that they are eigenstates of two operators which are the adjoint one of the other, and which 
are related to H2 by a similarity transformation: 

h2{P) := U2if3)H2U2if3)-' = i?2(/3)^2(/3) + ^1, 
which in coordinate representation looks like 

In particular we find that 

h2i/3)^^^\f3) = {n + l/2)^^^H/3), /i2(/3)t^f (/3) = (n + l/2)^f 

for all n > 0. The same arguments used previously prove that T^{2) := {(/^n (/?), n > 0} and 

J-^(2) '■= {^'n (/3), n > 0} are both complete in ?^2- More than this: they are biorthonormal 
bases but not Riesz bases. 

3.3 Pseudo-bosons in H 

We begin this section with the following remark: none of the above sets of functions is complete 
in Ti. Hence we could try to find a different set of vectors, also labeled by a single quantum 
number, which is complete in It is not hard to check that this is not possible, in general. Let 
us introduce, for instance, the following pseudo-bosonic operators: X^^/b ■= {Ai{a) + A2{f3)) 

and Ya^i3 := {Bi{a) + B2{(3)). Then [^a,/?, l^a,/?] = 7^ '^1/3 general and the vectors 

9'o,o(a,/3) := ^^o\a) 9?o^^(/3) and ^o,o(a,/3) := ^'o^^(/3) satisfy Assumptions [2 and [2] 

of Section [2j However, it is not hard to check that the vectors r]n{a, (3) := -^1^^^930,0 
n > 0, are not complete in T-L: for that it is enough to consider the non zero vector / = 
^[^\a) ® ^''q\P) - ^''o\a) (g) ^f^(/3), which is non zero and orthogonal to all the 7/„(a,/3)'s. 

This is not surprising: in Section [2l in fact, we have proposed a different way to produce two 
biorthonormal bases Ti, in dimension larger than 1. For instance, in d = 2 we expect that 
the vectors of these bases depend on two quantum numbers rather than just one. So we may 
proceed as follows: let T{a, j3) be the following unbounded operator: 

r(a,/?) := Ui{a)U2{P) = e°^?+^^2'. 

Then the vectors (pQfl{a^P) and ^o,o(0)/3) introduced above can be defined as (pQfl{a^fi) = 

T(a, /3)$o,o and ^'o,o(ai/3) = (^(ai/?)^) '^'o.o- For what we have seen in the previous sec- 
tions, these two vectors satisfy Assumptions [T] and [2) Ai{a)ipQ,Q{a, (5) = A2{f3)^pofl{a^ (i) = 0, 

Si(a)t^'o,o(«,/3) = 52(/3)t^o,o(a,/3) = 0, and y.o,o(«, /5) G {Bi{a))r\D^ {B2{P)i ^o,o(a,/3) G 
Z)~(Ai(a)t)nL'~(A2(/3)t). 

Furthermore, since ^ = 'Hi®'H2-, the sets J";^ := {(/?„,m(a, /5) := :^7=5i(a)'"-B2(/3)"Vo,o(a, 
and F^^ := {^n,m{oi, fi) '■= ■^^=^Ai(a)"^"^2(/3)^"*^o,o(cti /?)} are complete in so that As- 
sumption [3] is also satisfied. Finally, Assumption U] is not verified, so that we have found 
PB which are not regular. This is because T{a, 13) is unbounded and since we can write 
^n,m{a,l3) = r(a,/3)$n,m and ^n,m{a,(3) = {T{a,(3)^) ^n,m, for all n and m, [IT]- 
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Remark 2. The procedure outlined in this section clearly applies to any pair of uncoupled 
harmonic oscillators hi = a\ai and /i2 = 0302, = 6ij 1, i,j = 1,2, changing properly the 

definitions of the operators involved. 

Remark 3. Bi-coherent states like those in [T] can be easily constructed from the ones for Ai 
and A2 using the operators Ui{a) and U2{f3). 



4 A no-go result 

We devote this short section to prove the following general no-go result: suppose a and are two 
operators acting on H and satisfying [a, a^] = 1. Then, for all a 7^ 0, the operators A := a — aa^ 
and B := a"^ are such that [A, B] = 1, A^ ^ B, but they do not satisfy Assumption [TJ 

In fact, if such a non zero vector ipn £ T-L exists, then it could be expanded in terms of the 
eigenvectors := '^'^Oi «*^'o = 0, of the number operator = a) a: (po = Yl'^=o'^n^ri, for 
some sequence {c„,,n > 0} such that X^^q I*^"!^ ^ Condition Aipo = can be rewritten as 
aifo = aa^ (po. Now, inserting in both sides of this equality the expansion for ipo, and recalling 
that a^$„ = \/n + l^n+i and a<I>„ = -y/n<I>„_i, n > 0, we deduce the following relations between 
the coefficients c„: ci = C2 = and c^+i-v/rT+T = aCn-2\/ (n — l)n, for all n > 2. The solution 
of this recurrence relation is the following: 

\/3! 2 ^/6! 3 \/9! 4 \/T2! 

C3 = aco—-, C6 = aco-—-, cg = a cq , C12 = a cq , 

3 3-6 3-D-9 3-6-9-12 

and so on. Then 



However, computing \\ipo\\ we deduce that this series only converge if a = 0, i.e. if A coincides 
with a and B with a"^ . 

A similar results can be obtained considering the operators A := a — aa) ' and B := at -/3a, 
n > 2, a, /3 G C. Again we find [A,B] = 1, A^ ^ B, and again, with similar techniques, we 
deduce that they do not satisfy Assumption [TJ In the same way, if we define A := a — al 
and 5 := at - /3a™, m > 2, a, /3 G C, we find that, in general, [A, -B] = 1, At ^ B, but they 
do not satisfy Assumption [2l This suggests that if we try to define, starting from a and at, 
new operators A = a + f{a,a)) and B = a) + g[a,a)), only very special choices of / and g are 
compatible with the pseudo-bosonic structure. 



5 Conclusions 

We have seen how a non trivial example of two-dimensional PB arises from the Hamiltonian 
of the Landau levels. We want to stress once again that this is deeply different from what we 
have done in [10], where the starting point was a generalized Hamiltonian obtained with a smart 
extension of that in ([2]) with the introduction of two related superpotentials. Among the other 
differences, while the procedure outlined here works in any Hilbert space, the one in |10j works 
only in £^(R^). The fact that both here and in [lOj we get pseudo-bosons which are not regular 
is still another indication of the mathematical nature of RPB. 

It is not difficult to modify or to generalize the results in Section [3l for instance changing the 
role of the operators Ui and U2, or modifying a bit their definitions. Maybe more interesting is 
to try to extend the no-go result of Section [D to other possible combinations of a and at: this is 
part of our work in progress. 
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